ON BASE CHANGE OF THE FUNDAMENTAL GROUP 

SCHEME 



AXEL STABLER 



Abstract. We provide for all prime numbers p examples of smooth projective 
curves over a field of cliaracteristic p for which base change of the fundamental 
group scheme fails. This is intimately related to how F-trivial vector bundles, 
i. e. bundles trivialized by a power of the Frobenius morphism, behave in (triv- 
ial) families. We conclude with a study of the behavior of _F-triviality in (not 
necessarily trivial) families. 



Introduction 

In [5T] Nori introduced the so-called fundamental group scheme of a proper 
connected reduced scheme X over a field k as the affine group scheme associated 
to the (neutral) Tannakian category of essentially finite vector bundles on X with 
a fixed fiber functor x. In [5T1 Conjecture on p. 89] Nori conjectured that if X is a 
complete geometrically connected and reduced scheme over an algebraically closed 
field k and fc C X is an arbitrary extension of algebraically closed fields then the 
natural map 

hx Tri{X Xk Spec K, x) vri {X, x) Xk Spec K (1) 

is an isomorphism of affine group schemes over K. 

If char fc = then the fundamental group scheme coincides with the etale fun- 
damental group scheme so that this is well-known in this case (see [TDl Exp. X, 
CoroUaire 1.8] or 23, Proposition 5.6.7] the latter being in English). 

Recall that a vector bundle 5 on a projective variety X over a field of positive 
characteristic is called F -trivial if F"^ S = O^*^ for some e > 1, where F : X ^ X 
denotes the absolute Frobenius morphism. Note that an i^-trivial vector bundle 
on a smooth projective variety is always strongly semistable with respect to any 
polarization (cf. p[Bl Lemma 1.1]). 

In order to attack Nori's conjecture Mehta and Subramanian proved (|12J) the 
following 

Proposition. Let X be a reduced connected complete curve of genus > 2 over 
an algebraically closed field k of positive characteristic, let k C K be an extension 
of algebraically closed fields and let a; be a fc-rational point. Suppose that the 
morphism hx in ([1]) is an isomorphism of affine group schemes over K. Then for 
every stable, F-trivial bundle £ on Xk, there is a bundle T over X such that 

Proof. This is [HI Proposition 3.1]. □ 

There they also showed that Nori's conjecture is false for curves with a cuspidal 
singularity (see [171 paragraph after Proposition 3.1]). This proposition will be 
crucial for our purposes. Mehta and Subramanian also established several other 
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equivalent notions in a follow-up paper (see jl8l and, in particular, [Theorem on p. 
208, ibid.]). 

In [55], Pauly showed that Nori's conjecture is false for certain smooth ordinary 
curves of genus 2 in characteristic 2. Pauly 's method is to use the Proposition 
above and to explicitly determine all stable rank 2 bundles trivialized by the fourth 
Frobenius pull back. More precisely, Pauly exploits that one has a very explicit 
description of the moduli space of semistable rank 2 bundles over these curves and 
analyzes the (iterated) preimages of the Verschiebung. 

In this paper, we will provide for all characteristics p examples of smooth curves 
where base change fails for the fundamental group scheme. Our method is rather 
different from that of Pauly. We will use so-called syzygy bundles to explicitly 
construct bundles with the looked-for behavior. A syzygy bundle is a locally free 
sheaf S which fits into a short exact sequence 

> S > ®to Ori-d^) > Oy > 0, 

where C'y(l) is an ample line bundle on a projective variety Y. We call a global 
section of S{m) a syzygy of total degree m. The advantage of syzygy bundles 
is that they are well-suited for explicit computations. On the other hand, on a 
smooth projective curve over an algebraically closed field any vector bundle is, up 
to twist, a syzygy bundle for a suitable polarization (cf. e.g. .5, Proposition 3.8]). 
The typical example the reader should keep in mind is that i? is a standard-graded 
ring and / a homogeneous i?+-primary ideal. Then the sheaf associated to the first 
syzygies of / on Proj i? is a syzygy bundle. 

Throughout this paper we will often consider morphisms 

X Xk Spec k[t] — > Speck[t] 

and a vector bundle S over X. We then use notation St,Xt to denote the generic 
fibers and So-, X^ for a ^ k will denote the special fiber over the point a. 

Combining results of Biswas-dos Santos ( 2, Proposition 11 and Theorem 13]) 
and Mehta-Subramanian ([THl Theorem on p. 208]) these examples also yield new 
examples where the universal torsor for the fundamental group scheme (cf. [211 
Chapter II, Definition 1 and 3]) is not reduced. 



1. Stable rank two bundles 

In this section we collect several results on i^-trivial and on semistable vector 
bundles that we shall need in the sequel. 

1.1. Lemma. Let X be a smooth projective curve over a field k of positive charac- 
teristic p. Let iS be a locally free sheaf of rank 2 with trivial determinant. Assume 
that F'^ S is trivial for some e > 1. Then S is stable if and only if S is not an 
extension of a p'^-torsion line bundle with its dual. 

Proof. We have that S is (strongly) semistable since it is trivialized by a suitable 
Probenius pull back. Assume that S is not stable. That is we have a line bundle C 
of degree zero and an injective morphism C ^ S. Since S is semistable the cokernel 
G is locally free. As the determinant of 5 is trivial we must have Q ^ C"^ . Consider 
now the cohomology of the pull backed short exact sequence: 

> H"{X, F'^'C) > H^iX, F^'S) > H^{X, F''" C) > . . . 

If C is not p'^-torsion C has no global sections. Hence, we must have that 
dimfc _ff ° (X, i^*^ C^) > 2. This is a contradiction since F'^ is a line bundle of 
degree zero. □ 
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1.2. Lemma. Let X be a smooth projective curve over a field k. Let 5 be a 
locally free sheaf of rank n with trivial determinant. If diuik H'^ {X , S) > n and S 
is semistable then S = Ox- The same conclusion holds if dim^ H'^{X,S) > n and 
if there are n — 1 linearly independent nowhere vanishing sections. 

Proof. Fix rt — 1 linearly independent global sections si, . . . , s„_i. These yield an 
injective morphism O^^^ — > S. By semistability of S the cokernel is locally free 
(if the sections have no zeros this also holds). As det5 = Ox the cokernel is 
furthermore isomorphic to Ox ■ We therefore have a short exact sequence 

> OJ-^ y S Ox > 0. 

Fix a global section t which is not in the fc-span of the si, . . . , s„_i. Then po i is an 
isomorphism since it is not the zero map. Hence, p has a section and the sequence 
splits. □ 

The following lemma is well-known but we include a proof for the convenience 
of the reader. 

1.3. Lemma. Let F be a smooth projective curve over a field k of positive charac- 
teristic p > 0. Let iS be a rank two vector bundle on Y that is semistable but not 
strongly semistable. Then S is stable. 

Proof. If S is semistable and deg S is odd then it is stable since then the rank and 
degree are coprime. If deg 5 is even we may assume, after twisting, that deg 5 = 0. 

We will show that if S is semistable but not stable then it is strongly semistable. 
After twisting with a degree zero line bundle we may assume that we have a short 
exact sequence — J> Oy — 5 ^ £ — > 0, where £ is a line bundle. Consider the 
eth Probenius pull back of this sequence and let C F"^ 5 be a line bundle. The 
morphism Q ^ F'^ £ is either zero or injective. In the first case we must have that 
Q injects into Oy, hence has degree < 0. In the second case, it injects into C, 
hence its degree must likewise be < 0. □ 

The key tool to ensure that a strongly semistable bundle defined over Xk does 
not descend to a bundle over X^, where fc C is an extension of algebraically 
closed fields and X a smooth projective curve, is the following 

1.4. Proposition. Let A" be a smooth projective curve over an algebraically closed 
field k of positive characteristic. Let be a discrete valuation ring containing k 
with maximal ideal (i), residue field k and quotient field K. Let iS be a coherent 
torsion free sheaf on X XkV such that 

(i) The restriction St of S to the generic fiber Xk is locally free and strongly 
semistable. 

(ii) The restriction Sq of S to the special fiber Xk is locally free and stable but 
not strongly semistable. 

Then St does not stem from the special fiber, i. e. there is no locally free sheaf 
on X X/c V/{t) such that p*!F = St, where p : X K X is the base change 
morphism. 

Proof. Denote hy j : X XkV/{t) X x^V the closed immersion of the special fiber 
and hyi:XxkK~^XxkV the open immersion of the generic fiber. Also note 
that we have a morphism c : X x^V ^ X XkV/{t) due to the fc-algebra structure 
on V. In particular, co j ~ idxxkV/(t) and co i = p. 

Assume now that such exists. By [1^1 Theorem on page 99] there is up to 
isomorphism a unique extension of St to X x^V. Note that both c*J^ and S are 
such extensions. Since St is strongly semistable we obtain that is also strongly 
semistable. But = Sq and the latter is not strongly semistable. □ 
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1.5. Remark. We would like to mention that Mehta and Subramanian have an un- 
published preprint where they explore the relation of the failure of Nori's conjecture 
with the non-properness of the functor of _F-trivial bundles. 

2. An example in characteristic 2 

In this section we provide an infinite family of curves in P^, fc an algebraically 
closed field of characteristic 2, where base change of the fundamental group scheme 
fails. 

2.1. Theorem. Consider the syzygy bundle S — Syz{x'^,y^, tz'^+sxy){3) on Xn,i Xk 

SpecA;[s, t], where fc is a field of characteristic 2, rt > 2 and < Z < [^-g are 

integers and Xn^i is the smooth projective curve given by 

Proj k[x, y, z]/(:e2"+2/+i ^ ^2"+2;+i _^ ^2"+2/+i)^ 

Then S restricted to the generic fiber is stable and trivialized by the nth Frobenius 
pull back. The trivializing syzygies are 

51 = (a;3+6'z2"-3-6/^2" + i^ ^1+21 y2+Al ^2" -3-61^2" + l^yl+2l ^2- -21-1^2-^ 
+ + ^l+2i^2"-2i-42" _^^2„j^2")^ 

52 = (yl+2'x2+«z2"-3-6i^2" + l _^^l+2i^2"-2i-1^2"^^y2"^2" + l^ 
y3+6i^2"-3-6;^2"+i^ ^l+2i^2"-2i-1^2" ^^2-^2")^ 

Proof. We fix a Fermat curve X as in the theorem and omit the index. First 
we prove that S is strongly semistable on the generic fiber. On the special fiber 
s = 1, i = we obtain Si^ = Syz(x^, xy)(3) which is already defined on and 
splits as Ox- Hence, iSi_o is strongly semistable. By [201 Corollary 3.12 and the 
remark before Proposition 5.2] this then also holds generically. 

One easily verifies that si and S2 are indeed syzygies of F" S. As they are 
generically fc-linearly independent (set t = 0, s = 1 and look at the last com- 
ponent) Lemma 11.21 implies that F" S is trivial on the generic fiber. Moreover, 
these syzygies are well-defined (i. e. the exponents are natural numbers) precisely if 

o<z<L^-ij. 

Finally we show that S is generically stable. Consider the fiber s — Q,t — 1. 
Note that 2" < 2" + 2/ + 1 < |2" < 3 • 2"-\ so applying [1 Corollary 2] we see 
that 5o,i is not strongly semistable. It is however semistable by [3] Proposition 
6.2]. Hence, Lemma [TT51 yields that it is (geometrically) stable. Being geometrically 
stable is an open property (e.g. by [131 Proposition 2.3.1]) hence this also holds 
generically. □ 

2.2. Corollary. Let n > 2 be an integer and < I < [^-g |J and consider the 

smooth projective curve 

X = Proj k[x, y, z]/(x2"+2'+i + y2"+2/+i ^ ^2"+2;+i)^ 

where fc is a field of characteristic 2. Consider the syzygy bundle 

S = Syz(x^,?;^tz^ + (1 - t)xy){3) over X Spec fc[t](4_i) . 

Then S is generically stable and trivialized by the nth Frobenius pull back while S 
restricted to the special fiber is stable but not strongly semistable. 

Proof. The bundle iS is obtained from the syzygy bundle in Theorem 12.11 by spe- 
cializing s I— > 1 — t and localizing X x Specfc[i] at {t — 1). 

Generically the global sections si,S2 are then still linearly independent (again 
set t = and look at the last component) and St is strongly semistable so that 
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F" St is trivial. Likewise, the same argument as in Theorem 12.11 shows that S is 
generically stable. 

On the special fiber we obtain Sq — Syz(x^, y^, z^). This is stable and not 
strongly semistable by the argument in the proof of Theorem 1 2. II □ 

2.3. Remark. We would like to point out that there are further cases, where 
the bundle S = Syz(a;^, y^, tz^ + (1 ^ t)xy){3) on certain relative Fermat curves 
is generically stable and F-trivial and stable but not strongly semistable on the 
special fiber. 

For instance, consider the Fermat curve Y given by the equation x^^ + y^^ = 
z^^. Then by similar arguments as in Theorem 12.11 one can show that S on 
Y Xk Spec is generically strongly semistable and stable but not strongly 
semistable on the special fiber. Moreover, one verifies that St has the F2-linearly 
independent global sections 



51 = (^32^128 + a;26y3^3^128 ^ ^14^2^16^128 ^ 2,2^12^18^128 ^ 2.12^20^128 

+ ^l^y^^l^^e ^ ^12^20^96 ^ 2,2yl2^18^64 ^ 2,12^20^64 ^ 2;12220^32 _^ ^32^ 

y^^zh'^^ + xy'^z'H'^^ + x^'y'zV + x^y^^zH^^^ + xyi^^i^^^^ ^ ^25^7^64 

+ X^^y^'z^H^^ + 2;24y3^5^96 ^ 2,2^25^5^96 ^ ^23y2^7^96 2,12^13^7^96 

+ xy^^zh^' + y'^z^°t^' + x^h^^ + x^^y^zh^^ + x'^y'^zh^^ + xy^^zH^^ 
+ xV+y'^z^'>t^^+x^^), 

52 = (^^27^2^3^128 ^ ^UyUz't'^' + x^^yz^H^^^ + x^ zV^ + x'^'yz'^t^^ 

+ a;14yll^7^64 _^ ^3^29^64^ ^32^128 ^ 2;3y26^3^128 ^ ^23^2^7^128 ^ 2;12yl3/il28 

+ x'y'^zV + y^^z^h^^^ + x^y^^z^h'>'' + y'^zV + x^'y'zh'^ 

+ x'V^zh^^ + y^^Z^h^^ + y^^zV + a:^^ y32^96 ^ 2:25y2^5^96 

+ x3y24^5t96 ^ 2;24y/i96 + 2:13yl2^7^96 ^ ^2^23^7^96 ^ ^12^20^96 ^ ^32^64 

+ X^^yzh^^ + a;"yl2^7^64 ^ ^2^23^7^64 _^ ^32^32 _^ ^12^20^32 _^ ^32) 

of total degree 96. 

Likewise, one can show that F'^ S is generically trivial on the relative Fermat 
curves over F2[t] of degrees 171, 173, 175 and 177. And again, as in Corollary 1 2. 2 1 one 
sees that S is generically strongly semistable and stable but not strongly semistable 
on the special fiber. 

2.4. Theorem. Consider the smooth projective curve 

X = Proj fc[x, z]/(a;2"+2'+i + y2"+2i+i _^ ^2"+2i+i) 

with n > 2 arbitrary and < / < [^-g , where k is an algebraically closed 

field with charfc — 2. Denote by K an algebraic closure of k{t). Then the natural 
morphism 

hx T^i{X Xk Spec K, x) — > tti {X, x) Spec K 
of affine group schemes over K is not an isomorphism. 

Proof. This follows from combining Theorem 12.11 Proposition [T31 and [T7t Propo- 
sition 3.1] (cf. Introduction). □ 

2.5. Remark. For X a Fermat curve as in Theorem l2.4l above the Cech cohomology 
class 

2"-i+;+i 
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is nonzero but its first Frobenius pull back is 

^2"+2;+2 2"-i+2/+l ^ 2"-i-l 
— — = — 1" r.-l — = 0. 

Hence, the curves in Theorem 12.41 are all non-ordinary. 

3. Examples for all prime characteristics 

In this section we provide examples of failure of base change of the fundamental 
group scheme for all prime characteristics. 

3.1. Lemma. Let p > 2 be a prime number and k a field of characteristic p and 
I G N with 1 < ^ < [|J . Consider the smooth projective relative curve 

Y = Proj k[t][x,y, z]/{x^p^-^ + y^P''^ + z^f'-i + x^^z^p^-^) — > Specfc[i] 

and the twisted syzygy bundle 5(30 = Syz{x'^\ y'^\ z^'+tx^ z^) (31) on F. ThenvS(30 
restricted to the generic fiber is stable and F*{S{31)) is, over the generic fiber, a 
non-split extension of Ovt with itself. The extension is given (up to multiplication 
by an element of k{t)^) by the cohomology class 

Pi 2pi P±:} y2pi 

i=l i=l 

in H^{Yt,OYt) using Cech cohomology for the covering _D+(x), £'+(z). Moreover, 
S{3l)i is stable but not strongly semistable. 

Proof. The syzygy bundle F*Si — Syz(x^P', y^^', z^^' +xP''zP'-) admits the syzygy 
s = {xP''~^, yP^~^ , zP^~^) of total degree 3pl — 1. Hence, s yields a destabilizing sub- 
bundle since the slope of F*Si is — 3pZ deg Oy^ (1). By [SJ Lemma 2.3] and Lemma 
11.31 we obtain that 5(3/) i is (geometrically) stable but not strongly semistable. It 
follows by openness of geometric stability that S{3l)t is geometrically stable. 
Note that F*{S{3l)t) = Sy2,[x'^P\y^P\z'^P^ +tPxP^zP^){3)t has the section 

si ^ {{tP - t^P)zP^ - xP^-^z, -yP^-^z, {tP - l)xP^ - zP^) 

without zeros. Indeed, if z = we immediately obtain that x = y = 0. Conversely, 
if z 7^ then specialising t = we see that there are no points on the curve where 
the section vanishes. 

The section si thus yields a short exact sequence -> Ovt F*{S{3l)t) -> 
Ovt 0. This extension is given by the cohomology class c — (5(1) G H^{Yt, Ovt), 
where 5 is the connecting homomorphism. 

Since we only need to know c up to multiplication by a unit in k{t) it is enough 
to determine the kernel of si : H'^iYt^OyJ ^ H'^{Yt, F* {S{'S)t)). To fix notation 
we work with Cech cohomology using the cover L)_|_(a;), £'_|_(z) so that a basis of 

H^{Yt,OYt) is given by the |^ where a + b < 3pl — 2 and a,b> 1. 
Claim 1: c is mapped to zero along the composition 

H\Yt,OY,) ^ H\Yt,F*{S{3l)t)) ^ H\Yt,OYM?) 
(the latter map is obtained from taking cohomology of the presenting sequence of 
S{3l)t)- We have to show that si • c is a coboundary, i.e. that there are tuples 
g — (ffi, 52, 53), h — (hi, /i2, /la) such that sic = ^ — for suitable a, b. This is an 
easy calculation which will be left to the reader. 

Claim 2: The cohomology class sic is already a coboundary in S. Denote 
{x^P\y'^P'- , z^P' + tPxP'-zP^) by /. For the claim to hold we have to verify that there 
are 4t as above, such that in addition ■ f — and \r ■ f = 0. Since sic is 
a syzygy it suffices to show that ■ f = P{x, y, z)y'^P\ where P is a polynomial in 
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X, y, z. For then |^ ^ - (0, P{x, y, z), 0) and ^ '-^ ^ + (0, P(x, y, z), 0) will do. 
Note that ^ • / is a polynomial of degree 3pl in x, y, z (use ^ Corollaire III. 3. 5]). 
For the first and third component of csi the variable y occurs exactly with degree 
2pl. In the second component of csi the variable occurs with degree y'^P^~^ so that 
after multiplication with /2 and normalizing using the curve equation it also occurs 
exactly with degree 2pl. 

Finally, note that the vectors occuring in the linear combination that defines c 
are all part of a basis of H^{Yt, Oyt)- So this extension does indeed not split. □ 

3.2. Remark. Note that a similar example occurs with ^ = 1 in [14, Remark 5.1] 
in a different context. 

One can also verify directly that for p = 2 (and / = 1) the action of Frobenius 
on H^{Yt, Oyt) is nilpotent. Hence, S{3)t is i^-trivial for p = 2. 

Recall that Frobenius acts on H^{Yt, Ovt) and that for a vector space V over a 
perfect field k with Frobenius action one has the so-called Fitting decomposition 
V = Vs®Vn, where F acts nilpotently on Vn and bijectively on Vs (cf. [SI XXII] or 
[TTl III.6]). In particular, there exists a basis of Vg which is (pointwise) fixed by F 
(cf. [SI Proposition XXII. 1.1]). 

3.3. Lemma. Let Y' = Proj [a;, y, z]/(a:3p'-i + j/^p'-i + ^Spi-i .^^^p'z^p'-I), where 
K is, a, perfect closure of fc(i), k a field of characteristic p > 3 and 1 < ^ < | an 
integer. Denote by c the Cech-cohomology class 

2pl 2pl 

i=l 1=1 

in H^iY' ,Oy') using the open cover £)+(a;), D+(z). Then the projection of c to 
H^{Y',OY')n is nontrivial. 

Proof. Note that Y' is obtained from the generic fiber of the relative curve Y in 
Lemma 13.11 by base change. Since the family in Lemma 13.11 is trivial we have 
H^{Y', Oy) — H^{Yo, Oyq) ® K. Passing to a perfect closure of k and base chang- 
ing we may assume that k is perfeclQ. We therefore find a Fitting decomposi- 
tion of H^{Yo,OYg). By base change to K we obtain a Fitting decomposition of 
H^{Y\Oy')- The point is that we therefore find bases of H^(Y',Oy')s and of 
H^{Y' ,OY')n whose elements are fc-linear combinations of the ^s— j-. Denote now 
H\Y', Oy') by V and recall that Vs = F'^iV) for m > 0. 

It is enough to show that the degree zero part of c (considered as a polynomial 

in t), namely ^J^2pi-i ~ ^pi+i.j.pi^i , is not contained in Vg. Indeed, if c is contained 
in Vs then we can write c = J2b€B ^bb, where B is a basis of Vs as above. As c is 
a polynomial in t the ab are in k[t]. Hence, every homogeneous component (with 
respect to the grading induced by t) has to be contained in Vs . 

Since (p, 3p/ — 1) = 1 we may write p" — s(3pZ — l) + l for suitable rt, s € N. Hence, 
a basis element is mapped via i^" to a sum of elements whose numerators are 
again y"'~^^. Replacing rt by a sufficiently large multiple of n we may assume that 
Vs — F"{V). Now one computes for a + b = 2pl that 

„ / \ y2pZ^^(3p/-l)p _|_ ^(3p;-l)p ^p^l^i2pl-l)p-^2ls 

2pl 

and this is a sum of elements of the form ^J^^^ij, where a' + b' = 21. In particular, 
the exponents of the denominators in the image are divisible by p while this is not 
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the case for the degree zero part of c. Hence, the degree zero part is not contamed 
in Vs and we conclude that it has some non-trivial nilpotent part. □ 

3.4. Theorem. Let k be an algebraically closed field of characteristic p > 2, 1 < 
I < Lf J integer and K an algebraic closure of k{t). Then there is an etale cover 

V:X^Y = Proj fc[t](t-i) [x, V, z, Vix""^'-' + y''""^ + z^p'"! + x^' z^'^-') 

such that </5*5(3) — 9?*(Syz(a;^, y^, 2;^+ta;z)(3)) on Xt Xk(t) K is stable and F-trivial 
and stable but not strongly semistable on Xi. 

Proof. For p = 2 we can take X — Y since St is then actually F-trivial. So let 
p > 3. Note that we have H^{Yq,Oyo) ® H*) = H^{Yt,OYt) since the family is 
trivial. The vector space H^{Yo,Oyq)s admits a basis B whose elements are fixed 
by Frobenius. By Artin-Schreier theory (cf. e. g. [121 HI §4]) there is an etale cover 
(fi : Xq Yg such that (p*{b) = for all b ^ B. We denote this morphism by 
ipo : Xq — > Yo- Via base change ([121 Proposition 1.3.3 (c)]) we obtain an etale 
morphism ip : X ^ Xq x Spec — > Y. 

Denote by c G H^{Yt,OY^) the cohomology class described in Lemma [3.11 We 
can write c — Cg + c„, where c„ G H^{Yt, OYt)n and Cs £ i?^(Yt, OyJ^. We then 
obtain Lp1{cs) — 0. In particular, 1^9*5(3) is generically i^-trivial. 

Lemma [3TT] yields that 5(3)f is stable. Hence, by [H proof of Proposition 6.8. (ii)] 
(p*(5(3)t) is polystable, i. e. a direct sum of stable bundles. Assume that (/5*(5(3)t) 
is not stable, hence a direct sum of two line bundles C and Q. Since the determinant 
of <S(3)t is trivial we must have Q = Cy . The first Frobenius pull back of 5(3)t has 
a non-trivial global section and ^*(S(Z)t) is not trivial by [121 Bemerkung 1.7] - if 
it were trivial then the F-trivial bundle defined by c„ would be etale trivializable. 
Hence, L has to be a p-torsion line bundle. But then F*5(3)t has to be the trivial 
bundle which is impossible by Lemma [331 and [T51 Bemerkung 1.7]. Thus if*S{^)t 
is stable. 

Since Lp is separable the pull back of 5(3)i to X is still semistable. As pf S[?))t 
is also not strongly semistable it is stable by Lemma [T31 □ 

3.5. Example. Consider the case p = 3 and I — 1. Then = (3|5 — 1) + 1 so that 
s = 1. One can show that the degree zero part of c is nilpotent in this case. However, 
the term of highest degree of c with respect to t is -^-^^ and F'^{-^-£i) — 
Hence, c is not F-nilpotent and the passage to an etale cover is necessary in this 
case. 

It is also worth noting that in this case 5(3) over X x Specfc[i] is F-trivial over 
the special fiber t = 0. Indeed, it is easily verified with a computer algebra system 
(e.g. [7]) that F^ Syz(x^, y^, z^)(3) over X has two linearly independent global 
sections without zeros. Namely, 

si = (x^z^, y^z^, xy^ - x^z^ + xz^ + z'^), 

S2 = {x'^y'^ - x^y'^z^ - y'^z^ ■, xy^ + x^z^ + x^yJ - z^, 

62 I 522, 324 225, 26, 2 7\ 

X y z + X y z + x y z — x y z + xy z + y z ). 
Thus the F-triviality follows from Lemma 11.21 

3.6. Corollary. Let Xi and k be as above. Denote by K an algebraic closure of 
k{t). Then the natural morphism 

hxi ■ TTi {Xi X k Spec K, x) — > tti (Xi , x) x Spec K 

of affine group schemes over K is not an isomorphism. 

Proof. Combine Theorem 13.41 Proposition 1 1 .41 and [T71 Proposition 3.1]. □ 
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4. F-TRIVIAL BUNDLES IN FAMILIES 

In this last section we investigate in a more general context how i^-trivial bundles 
behave in (not necessarily trivial) families. 

The following basic proposition describes the behavior of i^-triviality in families 
and is based on the usual argument for trivial bundles in a family. 

4.1. Proposition. Let n : X ^ Y he a projective morphism of noetherian schemes, 
where Y is integral and defined over an algebraically closed field k of positive 
characteristic p > 0. Assume that 5 is a coherent sheaf on X, fiat over Y. 

If S restricted to the generic fiber is trivialised by the eth Frobenius pull back 
then there is a non-empty open subset U of Y such that St is _F-trivial for all t in 
U. Conversely, if there is e > such that F'^ Su is trivial for all u in a dense subset 
U of Y then S restricted to the generic fiber rj is trivialised by F'^ . 

Proof. Denote the rank of S by n and denote the generic fiber by 5^ . Assume that 
F'^ Sri = ^x,, ■ This isomorphism is given by n global sections si, . . . ,s„ without 
zeros which are linearly independent (cf. Lemma ll.2[) . 

The issue is local on the base, so that we may assume that Y — Spec^ is 
the spectrum of a noetherian integral domain. We have that H^{Xy,F'^ Sy) — 
H°{X, (g) k{y)) for all y e F (cf. [H Corollary 9.4]). Moreover, since sheafifi- 
cation, tensor products and cohomology all commute with direct limits we obtain 
an inclusion H°{X, F^'S (g) Af) H°{X, F"' S (g)Q{A)) and we may assume that 
the sections si, . . . , s„ are already defined over Af. We therefore reduced to the 
situation that we have an injective morphism ip : 0\ F'^ S which is an isomor- 
phism over the generic fiber. The cokernel of (p is supported on a (proper) closed 
subset of X. As tt is projective the image of the support is closed in Y. Moreover, 
it does not contain the generic point of Y. Hence, we obtain a non-empty open 
subset U oiY where we obtain an isomorphism on the fibers. 

For the other direction, assume to the contrary that S is not trivialized by F*^ on 
the generic fiber, i.e. assume that dim^(y) H'^{X^,F'^ 5^) 7^ n or that any choice 
of n global sections admits zeros. In the first case we obtain by semicontinuity 
that dimjf(y) H^{Xn,F'^ Srj) < n — 1. But the set where the dimension of global 
sections is < n — 1 is open (and non-empty) by semicontinuity. Hence, the set of 
points where the dimension is strictly bigger is a proper closed subset. But then 
it cannot contain a dense subset. We conclude that diuix(Y) H^i^inF"^ Sn) = n. 
As in the other direction we therefore obtain an injective morphism Ox F'^ S. 
As before the cokernel is supported on a closed subset. Since, by assumption, the 
image of this set is a proper subset its image cannot contain the generic point of 
Y. □ 

Based on this result it seems natural to ask whether it is sufficient to have a (not 
necessarily bounded) family et such that F*^* St is trivial for all i in a dense subset 
to draw the same conclusion. The answer is no, as the following example shows: 

4.2. Example. Let k be an algebraically closed field of characteristic p > and let 
X be an ordinary elliptic curve. Fix a Weierstrafi equation f{x,y, z) for X so that 
O = (0,1,0) is the only point in V+{z). Let now Y = V{f{s,t,l)) C Spec/c[s,i] 
and consider the trivial family X x^Y Y. Then {s,t, 1) — O is a (relative) Weil 
divisor of degree zero - denote the associated line bundle by C 

Since X is ordinary there are points Pn = (a„,6„,l) in Y such that the line 
bundle Tn associated to Pn—O is of order p" in Pic°(X). Specialising s ^ a„, i i-> 6„ 
we obtain a sequence of line bundles trivialised by the eth Frobenius, where e cannot 
be bounded. In particular, it follows from Proposition 14. II that the line bundle on 
the generic fiber oi X y.Y cannot be F-trivial. 
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Note that Example 13.51 shows that it is not enough to require that F"^ Su be 
trivial for all u in a non-empty subset minus the generic point. In particular, F- 
triviality is not an open condition. A simple instance of this fact is the following 
well-known 

4.3. Example. Let F be a geometrically integral smooth projective curve defined 
over a perfect field k of positive characteristic and assume that Frobenius does not 
act nilpotently on H^{Y, Ox)- Fix a cohomology class c in H^{Y, Oy)s- Denote by 
Yt the base change of Y to k{t). The cohomology class t ■ c yields a rank 2 vector 
bundle S over y X A^. Over the generic fiber S is not _F-trivial. However, over the 
special fiber t — Q the bundle is trivial. 

A somewhat more sophisticated example is obtained by considering t-c+n, where 
^ n G H^{Y,OY)n ^ this exists provided that, in addition, Y is not ordinary. 
Then one obtains a bundle which is generically not _F-trivial but trivialised by a 
power of Frobenius (> 1) over the fiber t = 0. 

In closing we provide an example of a non-trivial family that exhibits a similar 
behavior to the examples provided in sections 2 and 3. 

4.4. Example. Let k he a. field of characteristic 3 and consider the family T = 
V+{x^ + + tx^y'^) C P^j^j whose members we denote by Xt. Fix the syzygy 
bundle S = Syz{x^ , y"^ , z^) on P^jj]- We claim that 5(3) restricted to the generic 
fiber of T is F-trivial while S{3) restricted to the special fiber Xq is not F-trivial 
but stable. 

One verifies with the help of a computer algebra system that F^ St admits two 
linearly independent syzygies without zeros of total degree 81. So that F^ (5(3)t) 
is trivial by Lemma 1 1.21 

Moreover, on the special fiber t — {i. e. on the Format quintic) F*S admits the 
syzygy s = {zy, xz, xy) of total degree 8. Note that s has no zeros. It follows from 
[Bl Lemma 2.3] and Lemma [T731 that 5(3) is stable but not strongly semistable. 

4.5. Remark. In pi Remark 4.8] Brenner and the present author have shown that 
for a field of characteristic 2 the syzygy bundle Syz(a;,y, z) on T C Pk[t] admits a 
similar behavior. 
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